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ASSOCIATED PRIMES OF LOCAL COHOMOLOGY MODULES 



ANURAG K. SINGH 



1. INTRODUCTION 



Throughout, R will denote a commutative Noetherian ring with a unit element. 
Let a be an ideal of R, and i a non-negative integer. The local cohomology module 
Hl{R) is defined as 

Hi{R) = limExt^ (i?/a^ i?) , 

fceN 

,S^ ' where the maps in the direct limit system are those induced by the natural surjec- 

C^ . tions i?/a'^+^ — > R/a^. If a is generated by elements xi, . . . ,a;„, then Hl{R) is 

isomorphic to the ith cohomology module of the extended Cech complex 



For an element f & R and a positive integer to, we use [/+ (a;^", . . . , 2;^)] to denote 



fT^ ■ the cohomology class 

o 
o 



/ 



Rx,-x^ _ ^ H'^{^R)_ 



It is easily seen that [/ + (x™, . . . , x™)] = in H^^{R) if and only if there exists an 



integer fc > 0, such that 



■''n ^ V 1 7 ■ ■ ■ I •''ri J 



a : f^' 

^ , Consequently H^^{R) may be also identified with the direct limit 
'X' lunR/{xT,...,x':)R, 

5-H ' meti 



where the map i?/(x™, . . . ,x™) — > i?/(x™+\ . . . ,a;™+^) is multiplication by the 
image of the element xi • ■ • a;„. 

As these descriptions suggest, Hl{R) is usually not finitely generated as an 
-R-module. However local cohomology modules have useful finiteness properties in 
certain cases, e.g., for a local ring (i?, m), the modules H^{R) satisfy the descending 
chain condition. This implies, in particular, that for all i > 0, 

Hom;, (i?/m, HliR)) = -.H^^iR) m 
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2 ANURAG K. SINGH 

is a finitely generated it!-module. Grothendieck conjectured that for all ideals a C R, 
the modules 

Hom«(i?/a,iJ^(i?))-0:H;(fl)a 

are finitely generated, |SGA2I Expose XIII, page 173]. In jHal §3] Hartshorne gave 
a counterexample to this conjecture: Let iiT be a field and R be the hypersurface 

K[w,x,y,z]/{wx-yz). 

Set a = {x,y) and consider the local cohomology module H^{R). It is easily seen 
that the elements 

[y"z" + (x"+\2;"+i)i?] £ H^iR) for n > 

are nonzero, and are killed by the maximal ideal m — {w, x, y, z). In fact, they span 
the module '-n^i^fC) m which is a vector space of countably infinite dimension, and 
so it cannot be finitely generated as an _R-module. It follows that '■h'^(r) a is not 
finitely generated as well. 

In | Haj Hartshorne also began the study of the cofiniteness of local cohomology 
modules: An i?-module M is a-cofinite if Supp(M) C V{a) and Ext^(i?/a, M) is 
finitely generated for all i > 0. Some of the work on cofiniteness may be found 
in the papers |Chl IDMI IHKI IHMI iKwl IMel lYa] . and |^. A related question on 
the torsion in local cohomology modules was raised by Huneke at the Sundance 
Conference in 1990, and will be our main focus here. 

Question 1.1. jHul] Is the number of associated prime ideals of a local cohomology 
module Hl{R) always finite? 

The first results were obtained by Huneke and Sharp. 

Theorem 1.2. |HS[ Corollary 2.3] Let R be a regular ring containing a field of 
positive characteristic, and a G R an ideal. Then for all i > 0, 

AssHliR) C AssExt]j{R/a,R) (*) 

In particular, Ass iJ*(i?) is a finite set. 

Remark 1.3. The proof of the above theorem relies heavily on the flatness of 
the Frobenius endomorphism which, by IKul Theorem 2.1], characterizes regular 
rings of positive characteristic. The containment (*) may fail for regular rings of 
characteristic zero: Let R = C[u, v, w, x, y, z], and a be the ideal generated by the 
2x2 minors A^ of the matrix 

( u V w 
M = 



^x y z ^ 

Then Ext|j (i?/a, i?) — since Rja. has projective dimension two as an i?-module. 
However, as observed by Hochster, the module H^{R) is nonzero: To see this, 
consider the linear action of G = SL2{C) on R, where an element g E G maps the 
entries of the matrix M to those of the matrix g x M. The ring of invariants for 



ASSOCIATED PRIMES OF LOCAL COHOMOLOGY MODULES 3 

this action is the polynomial ring R'^ — C[Ai,A2,A3]. Since SL2{C) is linearly 
reductive, the inclusion R'~^ ^-> R splits via an _R'^-linear retraction, and so 

^(Ai,A2,A3)(^ ) — ' H^i^) 

is a split inclusion. Since the module if?^ ^ ^ ){R^) is nonzero, it follows that 
Hl{R) must be nonzero as well. 

While AssHl{R) may not be a subset of AssExt^(i?/o, i?). Question II. II does 
have an affirmative answer for all unramified regular local rings by combining the 
result of Huneke-Sharp with the following two theorems of Lyubeznik. 

Theorem 1.4. |Lyl| Corollary 3.6 (c)] Let R be a regular ring containing a field of 
characteristic zero and a an ideal of R. Then for every maximal ideal m of R, the 
set of associated primes of a local cohomology module Hl{R), which are contained 
in the ideal m, is finite. 

If the regular ring R is finitely generated over a field of characteristic zero, then 
Ass H^ (R) is a finite set. 

To illustrate the key point here, consider the case where R = C[a;i, . . . , a;„], and 
let D be the ring of C-linear differential operators on R. It turns out that D is 
left and right Noetherian, that H^{R) is a finitely generated D-module, and con- 
sequently that Ass H'^{R) is finite. Lyubeznik's result below also uses I?-modules, 
though the situation in mixed characteristic is more subtle. 

Theorem 1.5. |Ly2| Theorem 1] If R is an unramified regular local ring of mixed 
characteristic, and a is an ideal of R, then Ass7Jg(i?) is a finite set. 

So far we have restricted the discussion to local cohomology modules of the form 
IIl{R). For an i?-module M, the local cohomology modules Hl{M) are defined 
similarly as 

Hl{M) = lim Ext'^ {R/a'', M) , where i > 0. 

fceN 

If M is a finitely generated i?-module, then II^{M) may be identified with the 
submodule of M consisting of elements which are killed by a power of the ideal 
a, and consequently H^{M) is a finitely generated i?-module. If i is the smallest 
integer for which HKM) is not finitely generated, then the set AssiJ„(Af) is also 
finite, as proved in .BF] and [KS| . Other positive answers to Question II . II include 
results in small dimensions such as the following theorem due to Mar ley: 

Theorem 1.6. jMal Corollary 2.7] Let R be a local ring and M a finitely generated 
R-module of dimension at most three. Then Ass II^^(M) is finite for all ideals a C R. 

For some of the other work on this question, we refer the reader to the papers 
EKEllBRHllHillLTal and Ei 
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2. p-TORSION 

In jSil| the author constructed a hypersurface for which a local cohomology 
module has infinitely many associated prime ideals, thereby demonstrating that 
Question ll.il in general, has a negative answer. Since the argument is quite ele- 
mentary, we include it here. 

Theorem 2.1. |Sill §4] Consider the hypersurface 

R = Z[u, V, w, X, y, z\/{ux + vy + wz) 

and the ideal a = {x,y,z)R. Then for every prime integer p, the local cohomology 
module H^(R) has a p -torsion element. Consequently H^{R) has infinitely many 
associated prime ideals. 

Proof. We identify H^{R) with the direct limit 

limi?/(a;^y^z'=)i?, 

fceN 

where the maps are induced by multiplication by the element xyz. For a prime 
integer p, the fraction 

_ {ux)P + {vy)P + {wz)P 

\p — 

P 
has integer coefficients, and is therefore an element of R. We claim that the element 

'np = [Xp + {xP,yP,zP)R]eHl{R) 

is nonzero and p-torsion. Note that p ■ rjp — [pXp + {x^^yP, zP)R\ = 0, and what 
remains to be checked is that rjp is nonzero, i.e., that 

\p{xyzf ^ {xP+^, yP+^,zP+^) R for all A: e N. 

We assign weights to the Z-algebra generators of the ring R as follows: 

a; : (1,0,0,0), w : (-1,0, 0, 1), 

2/ : (0,1,0,0), 1): (0,-1, 0,1), 

z: (0,0,1,0), zz;: (0,0,-1,1). 

With this grading, Xp is a homogeneous element of degree (0, 0, 0,p). Now suppose 
we have a homogeneous equation of the form 

\{xyzf = CixP+^ + C2yP+'' + C3zP+^, 

then we must have deg(ci) = {—p, k, k,p), i.e., ci must be an integer multiple of the 
monomial uPy^ z^ . Similarly C2 is an integer multiple of vPz^x^ and C3 of wPx^y^ . 
Consequently 

X{xyzf 6 {uPy''z''xP+'', yP z^ x'' yP+'' , ujP x^ y'' zP+'') R 

= {xyzf{uPxP, yPyP, wPzP)R, 

and so A G {uPxP,vPyP,wPzP)R. After specializing w 1— > l,v t-^ l,w ^^ 1, this 

implies that 

xP+yP + i-mx + yT p 

G (p,xP,yP)Z[x,y], 

P 
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which is easily seen to be false. D 

This example, however, does not shed light on Question II. II in the case of local 
rings or rings containing a field. Katzman constructed the first examples to demon- 
strate that Huneke's question has a negative answer in these cases as well, |Ka2| . 
The equicharacteristic case is discussed here in ^ We next recall a conjecture of 
Lyubeznik. 

Conjecture 2.2. |Lyl| Remark 3.7 (iii)] If i? is a regular ring and a an ideal, then 
the local cohomology modules Hl{R) have finitely many associated prime ideals. 

This conjecture has been settled for unramified regular local rings by the results 
of Huneke-Sharp and Lyubeznik mentioned earlier. However it remains open for 
polynomial rings over the integers, and we discuss some of its implications in this 
case. 

Remark 2.3. Let i? be a polynomial ring in finitely many variables over the 
integers, and let a be an ideal of R. Then for every prime integer p, we have a short 
exact sequence 

— > R^ R — > R/pR — > 0, 
which induces a long exact sequence of local cohomology modules, 

> Hl-\R/pR) '^ HliR) -^ HliR) ^ HKR/pR) ^ HI+\R) ^ • ■ • . 

The image of each connecting homomorphism Sl^ is annihilated by p, and hence every 
nonzero element oi Sp{Hl{R/pR)) is ap-torsion element. Consequently Lyubeznik's 
conjectures implies that for all but finitely many prime integers p, we must have 
S'p^O for all i > 0. 

Remark 2.4. Again, let _R be a polynomial ring over the integers. Let fi,gi be 
elements of R such that 

/l5l + /252 H h fn9n = 0. 

Consider the ideal a = (51, ... , gn)R and the local cohomology module 

H:iR)^\hnR/ig1,...,gfjR, 

feeN 

where the maps in the direct system are induced by multiplication by the element 
gi- ■ ■ g-n- For a prime integer p and prime power q = p"^ , let 

ifigi)" + ■■■ + UnguY 



\^ 



p 



Then Xq £ i?, and we set 



r,q = [Xq + {gl...,gl)R]eH:{R). 

It is immediately seen that p ■ rjq — and so if rjq is a nonzero element of H'^{R), 
then it must be a p-torsion element. Hence Lyubeznik's conjecture implies that for 
all but finitely many prime integers p, the elements rjq must be zero, i.e., for some 
A: G N, which may depend on q = p"^, we have 

Xq{gi---gn)''eigl+',...,gl+'')R. 
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This motivates the following conjecture: 

Conjecture 2.5. Let i? be a polynomial ring over the integers, and let fi,gi be 
elements of R such that 

/l.9l H h fngn = 0. 

Then for every prime power q — p*^, there exists fc G N such that 

{fl9lY ^ "rifngnY , „ \k ^ ( a+k ^q+k^r, 

\9l---9n) & (91 ,---,9n )^- 

P 



The above conjecture is easily established if n = 2, or if the elements gi, . . . , g^ 
form a regular sequence. The conjecture is also true if n = 3, provided the elements 
/ii /2, /a form a regular sequence: 



Theorem 2.6. |Si2l Theorem 2.1] Let R be a polynomial ring over the integers and 
fi,gi be elements of R such that fi, f2, fs form a regular sequence in R and 

fWi + 1292 + fsga = 0. 
Let q = p'^ he a prime power. Then for k ^ q — 1, we have 

{fl9lY + {f292Y + {fzgzY , .k ^ , q+k q+k q+k. ry 

[919293) e (5i ,52 >53 )R- 

3. The equicharacteristic case 

Recently Katzman constructed the following example in jKa2| : Let K be an 
arbitrary field, and consider the hypersurface 

R = K[s,t, u,v,x,y]/(^su^x'^ — (s + t)uxvy + tv'^y^^. 

Katzman showed that the local cohomology module iJ? -. [R] has infinitely many 
associated prime ideals. Since the defining equation of this hypersurface factors as 

su^x'^ — (s + t)uxvy + tv'^y'^ = [sux — tvy){ux — vy), 

the ring in Katzman's example is not an integral domain. In |SS| Swanson and the 
author generalize Katzman's construction and obtain families of examples which 
include examples over normal domains and, in fact, over hypersurfaces with rational 
singularities: 

Theorem 3.1. jSSL Theorem 1.1] Let K be an arbitrary field, and consider the 
hypersurface 

g ^ K[s,t,u,v,w,x,y,z] 

(su'^x'^ + sv'^y^ + tuxvy + tw'^z^^ 
Then S is a standard N-graded normal domain for which the local cohomology mod- 
ule H? z)('S') has infinitely many associated prime ideals. 

If m denotes the homogeneous maximal ideal {s,t,u,v,w,x,y, z), then the local 
cohomology module -ff? ^,•,(5'^) has infinitely many associated prime ideals as well. 

If K has characteristic zero, then S has rational singularities. If K has positive 
characteristic, then S is F-regular. 
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While we refer to ISSj for details as well as more general constructions, we would 
like to sketch a proof of the above theorem. 

Sketch of the proof. Let K be arbitrary field, and consider the hypersurface 

A = K[s,t,a,b]/{sa'^ +tab + b'^). 

We use the N-grading on A where Aq = K[s,t], and a and b have degree 1. For 
an integer n > 2, the presentation matrix of the Ag-module [A/(a",6")]„ is the 
(n — 1) X (n — 1) matrix 



M„_i 



where the elements s, i, s occur along the three central diagonals, and the other 
entries are zero. These are special cases of Toeplitz matrices, and the determinants 
of these matrices will be the source of the infinitely many associated primes. 

It is convenient to define detMo = 1, and setting Qn{s,t) = detM„, it is easily 
seen that we have 

Qo = 1, Qi = t, and Qn+2 = tQ„+i - s^Qn for aU n > 0. 

This recursion enables us to compute a generating function for the polynomials 
Qn{s,t), and to check that the polynomials {Qn{s,t)}neN have infinitely many 
distinct irreducible factors. For example, if ii' = C it may be verified that (5„(s,t) 
factors as 



.{s,t)^Y[(t-se 



riri/{n+l) 



se 



-r7ri/(n+l) 



for all n e N. 



This implies that the set 



[JAsSAM/K,b-)]r 



neN 



is infinite and, in fact, a straightforward computation shows that 

(a", 6") :ao sa5"-i = {Qn~i)Ao for aU n e N. 

We next consider the ring 

B = K[s, t, a, b, 01/(80^ + sb^ + tab + tc^) 

with the N-grading where _Bo — K[s,t] = A^, and a, b, and c have degree 1. Note 
that B/cB = A, and so 

(a", 5", c) -.Bo sab''-^ = {Qn-i)Ba for all n e N. 

We identify B with the subring of S which is generated, as a iiT-algebra, by the 
elements s,t,a = ux, b = vy, and c — wz. For a fixed integer n > 1, let 
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where we are using the identification 

By a multigrading argument, it may be verified that 

ann5„?7„ = {a'\b'',c)B -.Bo sah^^^ = (Q„_i)Bo 

where So — Bq — K[s, t\. Since the polynomials {Qnis, t)}neN have infinitely many 
distinct irreducible factors, it follows that the set 

AsS5oi^f.,,,.)(^) 

is infinite. For every prime ideal p of Sq with p g AsssqH^^ z)('^)' there exists a 
prime ideal <P e SpecS* such that «P e AsssH^.^ ^ ^j(S') and *P n 5o = p. Conse- 
quently the set Assg iJ? „, ^\(S) must be infinite as well. 

It remains to verify that the hypersurface S has rational singularities (in char- 
acteristic zero) or is F-regular (in positive characteristic). In |SSj we show that 5* 
is F-regular for an arbitrary field K of positive characteristic. This implies that for 
all prime integers p, the fiber over pZ of the map 

Z[s,t,u,v,w,x,y,z] 



(su^x'^ + sv'^y'^ + tuxvy + tw'^z'^) 

is an F-rational ring. By |Sml Theorem 4.3], it then follows that 5 has rational 
singularities when K has characteristic zero. 

We would like to include here a different proof that S has rational singularities 
in characteristic zero based on a result from |S Wj . We first note that 

5* = B[u, V, w, X, y, z]l{ux — a,vy — b, wz — c), 

and that i? is a normal domain. By a result of |BS| , if a local (or graded) domain 
R has rational singularities, then so does R[u,x]/{ux — a), where a 7^ is a (ho- 
mogeneous) element of R, see also |HWYI Lemma 3.3]. By repeated use of this, to 
show that S has rational singularities, it suffices to show that the subring B has 
rational singularities. In |SW| we obtain a criterion for multigraded rings to have 
rational singularities. The bigraded case of this criterion is: 

Theorem 3.2. Let R be a normal N^ -graded ring where Rq is a field of charac- 
teristic zero, and R is generated over Rq by elements of degrees (1,0) and (0,1). 
Then R has rational singularities if and only if 

(i) R is a Cohen- Macaulay ring for which the multigraded a-invariant satisfies 

a(_R) < 0, and 
(ii) the localizations Rp have rational singularities for all primes p in the set 

SpecR\V{R++), where R++ = R^,J■ 

i>Q,j>0 

To apply the theorem, we consider the N^-grading on B where s and t have 
degree (1,0) and a, b, and c have degree (0,1). Then a{B) = (—1,-1), and a 
straightforward computation using the Jacobian criterion shows that Bp is regular 
for aU primes p e Spcci? \ V{B++). D 
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4. An APPLICATION 

Let i? be a ring of characteristic p > 0, and R° denote the complement of the 
minimal primes of R. For an ideal a = {xi, . . . , Xn) of R and a prime power q — p*^, 
we use the notation a'*' = (a;f , . . . , x^). The tight closure of a is the ideal 

a* ^ {z £ R : there exists c £ R° for which cz'' G a'''' for all q ^ 0}, 

see jHHl) . A ring R is F-regular if a* = a for all ideals a of i? and its localizations. 

More generally, let F denote the Frobenius functor, and F^ its eth iteration. 
If an i?- module M has presentation matrix (oy), then F^{M) has presentation 
matrix (a? ), where q = p'^. For modules N C M, we use Nj^j to denote the image 
of F'^{N) — > F'^{M). We say that an element m G M is in the tight closure of N 
in M, denoted -/V^f ' i^ there exists an element c £ R° such that cF'^{m) e A^|' for 
all g 3> 0. While the theory has found several applications, the question whether 
tight closure commutes with localization remains open even for finitely generated 
algebras over fields of positive characteristic. 

Let M^ be a multiplicative system in R, and iV C M be finitely generated R- 
modules. Then 

where W~^{N'^.j) is identified with its image in W^^M. When this inclusion is 
an equality, we say that tight closure commutes with localization at W for the pair 
N C M. It may be checked that this occurs if and only if tight closure commutes 
with localization at W for the pair C M/N . Following | AHH| . we set 

An element c G i?° is a weak test element if there exists go — p'^" such that for every 
pair of finitely generated modules iV C M, an element m S M is in N^j if and only 
if cF''{m) G iV[f for all q > go- By |HH2l Theorem 6.1], if R is of finite type over 
an excellent local ring, then R has a weak test element. 

Proposition 4.1. jAHHL Lemma 3.5] Let R he a ring of characteristic p > 
and N Q M he finitely generated R-modules. Then the tight closure of N £ M 
commutes with localization at any multiplicative system W which is disjoint from 
the set [j^^^ Ass F%M)/N^j^). 

If R has a weak test element, then the tight closure of N Q M also commutes with 
localization at multiplicative systems W disjoint from the set yj^^^ KssG'^{M /N). 

Consider a bounded complex P, of finitely generated projective i?-modules, 

^ P„ ^ P„-i ^ . . . ^ Po ^ 0. 

The complex P, is said to have phantom homology at the ith spot if 

Kerdi C (Im(ii+i)p. . 

The complex P, is stably phantom acyclic if F'^{P,) has phantom homology at the 
ith spot for all i > 1, for all e > 1. An P- module M has finite phantom projective 
dimension if there exits a bounded stably phantom acyclic complex P, of projective 
P-modules, with Hq{P,) ^ M. 
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Theorem 4.2. [AHHI Theorem 8.1] Let R be an equidimensional ring of positive 
characteristic, which is of finite type over an excellent local ring. If N C M are 
finitely generated R-modules such that M/N has finite phantom projective dimen- 
sion, then the tight closure of N in M commutes with localization at W for every 
multiplicative system W of R. 

The key points of the proof are that for M/N of finite phantom projective di- 
mension, the set [_] ^ Asa C^ [M/N) has finitely many maximal elements, and that if 
(i?, m) is a local ring, then there a positive integer B such that for all q ~ p'^ , the 
ideal rri'^'' kills the local cohomology module 

ffO(G^(M/iV)). 

For more details on this approach to the localization problem, we refer the reader 
to the papers AHH , Ho , Kal , SN] , and [Hu2, §12]. Specializing to the case where 
M = R and A^ = a is an ideal, we note that 

G'=(i?/a) = i?/(aM)*, where q^p^. 

Consider the questions: 

Question 4.3. Let i? be a Noetherian ring of characteristic p > 0, and a an ideal 
oi R. 

(1) Is the set U,=pe Assi?/a[«l finite? 

(2) Is the set U,=pe Assi?/(aW)* finite? 

(3) For a local domain (i?, m) and an ideal a C i?, is there a positive integer B 
such that 



m^«i?° (i?/(a[''l)*') = for aU q = p" 



Katzman proved that affirmative answers to Questions 14. 3I ('2') and l4.3l f3) imply 
that tight closure commutes with localization: 

Theorem 4.4. |Kal| Assume that for every local ring (R, m) of characteristic p > 
and ideal a CZ R, the set (J Ass R/ (a™) has finitely many maximal elements. Also, 
if for every ideal a C R, there exists a positive integer B such that m^* kills 

il,'i(i?/(a[«l)*) for all q=p\ 

then tight closure commutes with localization for all ideals in Noetherian rings of 
characteristic p > Q. 

These issues are the source of our interest in associated primes of Frobenius 
powers of ideals. It should be mentioned that the situation for ordinary powers is 
well-understood: the set Umgn ^^^ -R/a" is finite for any Noetherian ring R, see |Br) 
or |Ra| . In jKalj Katzman constructed the first example where Uq=p<! Ass i?/a[*l is 
not finite, thereby settling Question l4.3l fl): For 

R = K[t, X, y]/{xy{x - y){x - ty)), 

he proved that the set IJ Assi?/(x^,y*) is infinite. In this example, and some 
others, (x*, y*)* = {x, yY for all q = p^, and so IJ Ass R/{x'^, y'')* is finite. However 
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we show that Question l4.3l f2) also has a negative answer using the local cohomology 
examples recorded earlier. 

Theorem 4.5 (Singh-Swanson). Let K he a field of characteristic p > 0, and 
consider the hypersurface 

K[s,t,u,v,w,x,y,z] 
(su^x'^ + sv'^y^ + tuxvy + tw'^z'^) 
Then S is F-regular, and the set 

U Ass^/(x«,y^z«)= U kssS/{x\y\z'iy 

q=p' q=p' 

is infinite. 

Proof. The direct system {5'/(a;', y', z')}g=pe is cofinal with the direct system 
{5'/(a;",y", z")}neN, and so we have 

Hl,v,4S)^ \m,S/{x\y\z^)S. 

q=p<' 

Using this, it is easily seen that 

Assi/f,,,,,)(^) C U Ass5/(x^y«,z«)5. 

q=p<' 

By Theorem 1^2 i/?N (5) has infinitely many associated prime ideals, and so 
IJ AssS'/(x^,y*,z'')S' must be infinite as well. Since the hypersurface 5* is F- 
regular, we have (x', y"^, z"?)* = (a;*^, y'', z'') for all q — p^ . D 

Remark 4.6. In |SSj we actually prove a stronger result: There exists an F-regular 
hypersurface R of characteristic p > 0, with an ideal a, for which the set 

U Assi?/a['^l = IJ Assi?/(a[«l)* 

q=p^ q=p<' 

has infinitely many maximal elements. 
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